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1 ????
??????? (Quantier Elimination: QE) [4, 19] ???????????????????????
??????????????????????????????????? $\exists x(x^{2}+bx+c=0)$ ???
? QE ??????????????????????? $x$ ?????? $b^{2}-4c\geq 0$ ????????
???????????? $\forall$ (????) , $\exists$ (????), ???????????????????
$\wedge$ (??)V(???) $\neg$ (??) ?????????????
QE ????????????????????????????????????????????
???????????? QE ???????????????????????????? Cylindrical
Algebraic Decomposition [5] ???????????????????? 2??? [2] ?????? 5?
????????????????????????????????????????????????
??????? QE [16, 17, 8, 10] ????????????????????????????????
??????? QE ??????????????????????????????????????
????????????????????????????????????????????????
??Tarski formula (??????????) ?????????? [6, 3, 1, 10] ???????????
???????????????????????????????????????????????
??????????????????????????????
??????????????????????????? ?????????????? [15] ???
???????????????????????????????????????????????
???QE ???????????????????????? [21, 13, 11]. ????????????
???????????????????? QE ??????????????????????????














(????? 2011????? $[3](2)$) $t$ ??????????? $xyz$ ????? $(t+2, t+2, t)$ ????
?? $\ell$ ??????3? $O(O, O, O)$ , $A'(2,1,0)$ , $B'(1,2,0)$ ??????? $C(a, b, c)$ ????? $S$ ??? $\ell$
?????????? $a,$ $b,$ $c$ ???????????
?? $S$ ? $(x-a)^{2}+(y-b)^{2}+(z-c)^{2}=r^{2}$ ???????????????????????????




????(1a), (1b), (1c) ???????? $S$ ? $O,$ $A'$ , B'?????????(1d) ??? $S$ ??? $\ell$ ?
??????????????????????????? $r,$ $t$ ??????????????????
? $a,$ $b,$ $c$ ??????????????????? QE ??????? $a,$ $b,$ $c$ ????????????
????? $6a=5\wedge 6b=5\wedge(3c\leq 1\vee 13\leq 3c)$ ??????
???????????????????????????????????????????????












$(\exists v_{lx}\exists v_{ly}((\exists v_{lz}((0=u_{y}(v_{z} -- v_{lz}) -- u_{z}(v_{y} -- v\iota_{y}))\wedge$
$(0=u_{z}(v_{x}-v_{lx})-u_{x}(v_{z}-v_{lz} \wedge(0=u_{x}(v_{y}-v_{ly})-u_{y}(v_{x}-v_{lx}$
$\wedge(\forall p_{x}\forall p_{y}\forall p_{z}(((p_{x}=p_{z}+2)\wedge(p_{y}=p_{z}+2))\vee$
$(\forall t_{2}((\neg(p_{x}=t_{2}u_{x}+v_{x}))\vee(\neg(p_{y}=t_{2}u_{y}+v_{y}))\vee(\neg(p_{z}=t_{2}u_{z}+v_{z}$
$\wedge(\forall p_{t}(\exists t_{3}((p_{t}=t_{3}u_{z}+v_{z})\wedge(p_{t}+2=t_{3}u_{x}+v_{x})\wedge(p_{t}+2=t_{3}u_{y}+v_{y}$
$)) \wedge(\exists u_{lx}\exists u_{ly}((\exists u_{lz}(((\neg(u_{1x}=0))\vee(\neg(u_{ly}=0))\vee(\neg(u_{lz}=0$
$\wedge (0=u_{y}u_{lz} -- u_{z}u_{ly})\wedge(0=u_{z}u_{lx}-u_{x}u_{lz} \wedge(0=u_{x}u_{ly}-u_{y}u_{lx}$
78
?????????? Mathematica ??? QE ????????????????????????
??????? (2a) ??? (1) ??????? $R^{2}$ ???????????????????????







???? $ABC$ ????? $A$ ???? $\cos A$ ????
??? $A(a_{x}, a_{y})$ , $B(b_{x}, b_{y})$ , $C(c_{x}, c_{y})$ ???? $\cos A$ ?????????????????????? 7?
???????????????????????????????? $A(O, 0)$ , $B(1,0)$ ????????
????????3?????????????? $(A,$ $B$ ?????? $C$ ?????????????
????????). ???? $A(O, 0)$ ??????????????????????????????
? $B(1,0)$ ??????????????????????? 1????????????????? ?
??? ????????????????????????????








$\varphi(x, y)$ ???????????????? $x\in \mathbb{R},$ $y=(y_{1}, \ldots, y_{m})\in \mathbb{R}^{m}$ ???? $\varphi$ ?????????
?? $x$ ????????????? $\varphi$ ? $x$ ???????? (even formula) ????
?? 1
$x$ ???????? $\varphi(x)$ ????? $x$ ???? $\varphi(-x)\equiv\varphi(x)$ ?????? $\varphi(-x)\equiv\varphi(x)$ ?????
?????????????????????? $h(x)$ ?????$\varphi(x)$ ? $-1\leq h(x)\wedge h(x)\leq 1$ ????





?????$x^{2}$ ? $x'$ ?????
$\exists y(x'+(y-1)^{2}=4)$





$\varphi(x, y)$ ? $x$ ??????????????????????? $x$ ?????????????? $\psi(x, y)$
??????
$\varphi(x, y)\equiv\psi(x^{2}, y)$
??? $x$ ????????? $\varphi$ ??????????????
$\exists x'(x'=x^{2}\wedge\psi(x', y))$
$\varphi$ ? $x$ ????????????$x'$ ??????????????????????????????




$\varphi(x, y)$ ? $x$ ??????????????????????? $x$ ?????????????? $\psi(x, y)$
??????
$\varphi(x, y)\equiv\psi(x^{2}, y)$
??? $\varphi$ ???? $x$ ????????? $\exists x(\varphi)$ ??????????????
$\exists x'(x'\geq 0\wedge\psi(x', y))$
?? ?? 2???
$\exists x(\varphi(x, y))$
$\equiv\exists x\exists x'(x'=x^{2}\wedge\psi(x', y))$
$\equiv\exists x'(\exists x(x'=x^{2})\wedge\psi(x', y))$
$\equiv\exists x'(x'\geq 0\wedge\psi(x', y))$
1
3.2 ????????




????? $x$ ???????????????????? 2???? $\psi$ ? $\varphi(\sqrt{x}, y)$ ????????
????????????????????????????????????????????????
??? $\psi$ ?????????????????2??? Virtual Substitution [17] ???????????
????????
$a+b\sqrt{x}=0\equiv x\geq 0\wedge ab\leq 0\wedge a^{2}=b^{2}x$
$a+b\sqrt{x}\leq 0\equiv x\geq 0\wedge(a\leq 0\wedge a^{2}\geq b^{2}x\vee b\leq 0\wedge a^{2}\leq b^{2}x)$
(4)
$a+b\sqrt{x}<0\equiv x\geq 0\wedge(a<0\wedge a^{2}>b^{2}x\vee b\leq 0\wedge(a<0\vee a^{2}<b^{2}x))$
$a+b\sqrt{x}\neq 0\equiv x\geq 0\wedge(ab>0\vee a^{2}\neq b^{2}x)$
???????? $\varphi(\sqrt{x}, y)$ ??? $\varphi(-\sqrt{x}, y)$ ???????????????????????????
?????????????? 2????????????????
?? 4
??????? $\varphi(x, y)$ ????????? $x$ ???????????????? $\varphi$ ? $x$ ???????
???????????
?? 5
??????? $\varphi(x$ ,?? $x$ ??????????????????????????? $x$ ?????
$\psi_{+}(x, y)\equiv\varphi(\sqrt{x}, y) , \psi_{-}(x, y)\equiv\varphi(-\sqrt{x}, y)$
??????????? $\psi_{+}$ ? $\psi_{-}$ ????? $x$ ????????? $\varphi$ ??????????
$\exists x'(x'=x^{2}\wedge(\psi_{+}(x', y)\wedge x\geq 0\vee\psi_{-}(x', y)\wedge x\leq 0))$
?? 2
$\varphi(x, y)$ ? $x$ ???????????? $\varphi(\sqrt{x}, ?? \varphi(-\sqrt{x}, y)$ ???????
? 6
??????? $\varphi(x, y)$ ? $x$ ??????????????????????????? $x$ ?????
$\psi_{+}(x, y)\equiv\varphi(\sqrt{x}, y) , \psi_{-}(x, y)\equiv\varphi(-\sqrt{x}, y)$
??????????? $\psi_{+}$ ? $\psi_{-}$ ????? $\varphi$ ???? $x$ ????????? $\exists x(\varphi)$ ????????
??????
$\exists x'(x'\geq 0\wedge(\psi_{+}(x', y)\vee\psi_{-}(x', y)))$
?? ?? 5???
$\exists x(\varphi(x, y))$
$\equiv\exists x\exists x'(x'=x^{2}\wedge(\psi_{+}(x', y)\wedge x\geq 0\vee\psi_{-}(x', y)\wedge x\leq 0))$
$\equiv\exists x'(\exists x(x'=x^{2}\wedge x\geq 0)\wedge\psi_{+}(x', y)x$
$\equiv\exists x'(x'\geq 0\wedge\psi_{+}(x', y)\vee x'\geq 0\wedge\psi_{-}(x', y)$





?????????????? QE ???????????????????? QE [16, 17] ?????
?????????????????????????????????????????????
$\bullet$ ?????????????????????????????????? $x$ ??????????
?????????????????????????????????????????????
?????????????????????????????












??? $x_{1}^{a_{1}}x_{2}^{a_{2}}\cdots x_{n}^{a_{n}}$ ?????$\sum_{i=0}^{m}a_{i}$ $(m=1, \ldots, n)$ ??????? $x_{1},$ $\ldots,$ $x_{m}$ ?????????
????? $f(x_{1}, \ldots, X_{n})$ ???????? $x_{1},$
$\ldots,$





$\varphi(x, y)$ ???????????????? $x=(x_{1}, \ldots , x_{n})\in \mathbb{R}^{n},$ $y=(y_{1}, \ldots , y_{m})\in \mathbb{R}^{m}$ ???????
???? $k$ ???????????????$\varphi$ ? $x$ ????????? (homogeneous formula) ????
$\varphi(x, y)\equiv\varphi(kx, y)$
???? $kx$ ? $(kx_{1}, \ldots, kx_{n})$ ????
$\varphi(x$ ,?? $x$ ??????????$x$ ???/???????????? $\varphi$ ??????????????
????????$\varphi(a, x, y)$ ? $a,$ $x$ ???????????????$\varphi$ ?????????? $f(a, x, y)$ ? $a,$ $x$
?????????? $f$ ? $a,$ $x$ ???????? $n$ ????? $a\neq 0$ ???? $f(a, x, y)/a^{n}=f(1, x/a, y)$




$\varphi(a, x, y)$ ? $a,$ $x$ ???????????$a$ ????????? $\varphi$ ??????????
$\exists x'(a>0\wedge\varphi(1, x', y)\wedge ax'=x)V$
$(a=0\wedge\varphi(0, x, y))V$
$\exists x'(a<0\wedge\varphi(-1, -x', y)\wedge ax'=x)$
?? 9?????????? $\varphi$ ?? $a$ ????????????????????QE ???????
$x'=(x_{1}', \ldots, x_{n}')$ ?????$x_{i}'$ ? $x_{i}/a$ ????? $a$ ???????????????????????
???
?? 3
$x$ ????????? $\varphi(x, y)$ ?????????? $f\rho O(\rho\in \neq, <, \leq\})$ ???????$f$ ? $x$ ??
???????? $f$ ? $x$ ???????? $n$ ???? $f(-x, y)=(-1)^{n}f(x, y)$ ????
?????? $a,$ $x$ ????????? $\varphi(a, x, y)$ ?????????????? $f\rho O$ ???????
$(\rho\in \neq\})$ ??? $a,$ $x$ ???? $f$ ?????????? $\varphi(1, x', y)\equiv\varphi(-1, -x', y)$ ????
? 2
????? $\varphi(a, b, c, x)\equiv\exists x(ax^{2}+bx+c<0)$ ????????????????????? $\varphi$ ? $a,$ $b,$ $c$
???????????? 9????????????????????
$\varphi(a, b, c, x)\equiv \exists b'\exists c' (a>0\wedge\varphi(1, b', c', x)\wedge ab'=b\wedge ac'=c)V$
$(a=0\wedge\varphi(0, b', c', x))\vee$
$\exists b'\exists c' (a<0\wedge\varphi(-1, -b', -c', x)\wedge ab'=b\wedge ac'=c)$
$\equiv \exists b'\exists c' (a>0\wedge\exists x(x^{2}+b'x+c'<0)\wedge ab'=b\wedge ac'=c)\vee$
$(a=0\wedge\exists x(bx+c<0))V$
$\exists b'\exists c' (a<0\wedge\exists x(-x^{2}-b'x-c'<0)\wedge ab'=b\wedge ac'=c)$
$\equiv \exists b'\exists c' (a>0\wedge b^{\prime 2}-4c>0\wedge ab'=b\wedge ac'=c)V$
$(a=0\wedge(b\neq 0\vee c<0))\vee$









$\varphi(a,$ $x$ ,?? $a,$ $x$ ???????????$a$ ?????? $x$ ?????????????????





? $ax+by+c=0$ ????????????? $y=a'x+b'\vee x=c'$ ???????????????
????????????????????????QE ??????????????????????
??????????????????????
$\bullet\exists x(ax^{2}+bx+c=0)$ ???????? $(a, b, c)$ ?????????? $a$ ????????????
??????????????
$\exists b'\exists c'(a>0\wedge\exists x(x^{2}+b'x+c'=0)\wedge ab'=b\wedge ac'=c)\vee$
$(a=0\wedge\exists x(bx+c=0))v$
$\exists b'\exists c'(a<0\wedge\exists x(x^{2}+b'x+c'=0)\wedge ab'=b\wedge ac'=c)$
??? $b$ ???????????????
$\exists a'\exists c'(b>0\wedge\exists x(a'x^{2}+x+c'=0)\wedge ba'=a\wedge bc'=c)V$
$(b=0\wedge\exists x(ax^{2}+c=0))V$
$\exists a'\exists c'(b<0\wedge\exists x(a'x^{2}+x+c'=0)\wedge ba'=a\wedge bc c)$
????????????? $x$ ? 2???????????? $b$ ??? $a$ ???????????
?????????????????????????????????????????????
?????
$\bullet$ ????? $b>0$ ??????? $\exists x(ax^{2}+bx+c=0\wedge b>0)$ ????????? $a$ ???????
$\exists b'\exists c'(a>0\wedge\exists x(x^{2}+b_{X}'+c'=0\wedge b'>0)\wedge ab'=b\wedge ac'=c)\vee$
$(a=0\wedge\exists x(bx+c=0\wedge b>0))\vee$
$\exists b'\exists c'(a<0\wedge\exists x(x^{2}+b'x+c'=0\wedge b'>0)\wedge ab'=b\wedge ac'=c)$
??? $b$ ??????
$\exists a'\exists c'(b>0\wedge\exists x(a'x^{2}+x+c'=0\wedge 1>0)\wedge ba'=a\wedge bc'=c)V$
$(b=0\wedge\exists x(ax^{2}+c=0\wedge 0>0))V$
$\exists a'\exists c'(b<0\wedge\exists x(a'x^{2}+x+c'=0\wedge 1<0)\wedge ba'=a\wedge bc'=c)$
$\equiv\exists a'\exists c'(b>0\wedge\exists x(a'x^{2}+x+c'=0)\wedge ba'=a\wedgebc'=c)$
???? $x$ ? 2??????????????????????????????????????
??????????????????????????
$\bullet$ ?? 2? $X$ ? $\cos$ $A,$ $\ell$ ???????????????????????????????????






????$(A_{x}, B_{x}, C_{x}, A_{y}, B_{y}, C_{y}, \ell)$ ????????????????? $\ell$ ???????????
????????????????????????????????????????















$\varphi(a, x, y)$ ???????????????? $a\in \mathbb{R},$ $x\in \mathbb{R}^{n},$ $y\in \mathbb{R}^{m}$ ???????? $h\in \mathbb{R},$ $k\in \mathbb{R}^{n}$ ?
???????????????? $\varphi$ ? $x$ ?????a-???????? (shift-invariant formula) ????
$\varphi(a, x, y)\equiv\varphi(h, x-ak, y)$
???? $x-ak$ ? $(x_{1}-k_{1}a, \ldots, x_{n}-k_{n}a)$ ????
????????????? $a,$ $x$ ???????????????????????? $\varphi$ ??????
??????????? $h=0,$ $k=(1, \ldots, 1)$ ??????????????????????????
$\varphi(a, x, y)$ ? $x$ ???? a-??????????? $a,$ $x$ ? $x-ak$ ???????????$X':=x-ak$
??????????????????????????
?? 12
$\varphi(a, x, y)$ ? $x$ ?????a-?????????? $a$ ?????????????????? $h,$ $k$ ?????
$\varphi(a, x, y)\equiv\varphi(h, x-ak, y)$
?????????? $\varphi$ ??????????
$\exists x'(x'=x-ak\wedge\varphi(h, x', y))$
???? $x'=x-ak$ ? $\bigwedge_{i}\{x_{i}'=x_{i}-k_{i}a|x_{i}$????? $\}$ ????
85
?? 12?????????? $\varphi$ ?? $a$ ????????????????????QE ???????
x'?????$x_{i}'$ ? $x_{i}-k_{i}a$ ??????????????
$a$ ?????????????????????????
? 13
$\varphi(a, x, y)$ ? $x$ ?????a-?????????? $a$ ??????$x$ ?????????????????
? $h,$ $k$ ?????
$\varphi(a, x, y)\equiv\varphi(h, x-ak, y)$
??????????????????






$\bullet$ ????a-?????????????????????? $\varphi(a, x)$ ??????????? $f(a, x)$
????? $f(a, x)-f(h-x-ak)$ ???? $a,$ $x$ ??????????? $h,$ $k$ ?????????
?????????????????????????????????????????????
?????????
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